Introduction
Throughout this article, we let [x] denote the integer part of a given real number x; also, we let ( p n ) n∈N denote the sequence of all prime numbers and we set p n := p n+1 − p n for any n ∈ N. Further, if A is a subset of R and x is a real number, we will let A + x denote the subset of R defined by A + x := {a + x | a ∈ A}.
In [4] , Mills proved the existence of an absolute constant A > 1 for which [ A 3 n ] is a prime number for any positive integer n and in [6] , Wright proved the existence of an absolute constant α > 0 for which the infinite sequence [α], [ between any two consecutive terms of the sequence (h(n)) n , there is at least one prime number. Setting f n := h • . . . • h (where h is applied n times), they deduce from the last fact, the existence of a real constant A for which the sequence ([ f n (A)]) n consists of prime numbers.
With this method, Wright used the upper bound p n ≤ p n , which is nothing else than Bertrand's postulate, and Mills used Ingham's upper bound p n ≤ p 5/8+ε n , which is valid for any n sufficiently large depending on the given ε > 0. The functions h, which are derived from these upper bounds, are h(x) = 2 x for Wright and h(x) = x 3 for Mills. Then, the theorems of [4] and [6] follow.
Notice that the more the upper bound of p n is refined, the more the function h will be smaller and the more the obtained sequence of prime numbers will grow slowly (for instance, the sequence of Mills grows more slowly than Wright's one). From this fact, in order to have a sequence of prime numbers which grows even more slowly, we must use more refined upper bounds for p n . But up to now even the powerful Riemann hypothesis gives only the estimate p n = O( p 1/2 n log p n ). A famous conjecture (which is a little too strong compared with the last estimate) states that between two consecutive squares, there is always a prime number (see [2] ). So, according to this conjecture, the function h(x) = x 2 is admissible for the method described above, which permits to conclude the existence of a constant B > 1 for which [B 2 n ] is a prime number for any positive integer n. We thus obtain (assuming this conjecture), a sequence of prime numbers growing more slowly than Mills' one. Based on heuristic and probabilistic arguments, Cramér [1] was led to the conjecture that p n = O(log 2 p n ); note that it is known that p n = O(log p n ) cannot hold (see [5] ). Thus, by taking for the method described above h(x) = c log 2 x (c > 0), we obtain (via Cramér's conjecture) sequences of prime numbers having an explicit form and growing much more slowly than Mills' one. The inconvenience of this application is that the explicit form in question [ f n (A)] is not elementary, because f n does not have a simple expression as a function of n. To overcome this problem, we were led to generalize Mills' method by considering instead of one function h, a sequence of functions (h m ) m and, hence, in this situation f n is rather the composition of n functions h 0 , . . . , h n−1 . This allows to give for f n the form which we want, and if we set h n := f n+1 • f −1 n , we have only to check whether it is true that for any n and any x sufficiently large (relative to n), the interval [h n (x), h n (x + 1) − 1[ contains at least one prime number or not. In the affirmative case, we will deduce the existence of a real number A for which the formula [ f n (A)] gives a prime number for any positive integer n (see Theorem 1 and its proof). Under a conjecture weaker than Cramér's one, we derive from this generalization two new types of explicit formulae giving prime numbers. We also give other applications of our main result (outside the subject of prime numbers) and we conclude this article by some open questions related to the results which we obtain.
Results
The main result of this article is the following theorem.
be an open interval of R, n 0 a nonnegative integer and ( f n ) n≥n 0 a sequence of real functions, which are differentiable and increasing on I . Assume that the functions f n+1 / f n (n ≥ n 0 ) are non-decreasing on I and that for all x ∈ I , the sequence ( f n (x)) n≥n 0 is increasing. Further assume that there exists a real function g, non-decreasing on R and verifying
Then, for any sequence of integers (u n ) n , verifying lim sup
and for which at least one of the terms u n belongs to
Proof . By shifting, if necessary, the sequence of functions ( f n ) n≥n 0 , we may assume that n 0 = 0 and by shifting, if necessary, the sequence (u n ) n , we may assume that we have
We begin the proof by some remarks and preliminary notations which allow to simplify the situation of the theorem.
Since the function f n for given n ∈ N is assumed to be differentiable (hence continuous) and
f n (x) (λ n and µ n belong to R). Now, let us introduce the following functions
Since the functions f n and f n+1 for given n ∈ N, are differentiable and increasing on I , the function h n is differentiable and increasing on ]λ n , µ n [. Further, the hypothesis of the theorem concerning the growth of the sequence ( f n (x)) n (x ∈ I ) amounts to
Next, let us show that for any n ∈ N, the function h n is convex on ]λ n , µ n [. To do this, we check that the derivative h n (n ∈ N) is non-decreasing on the interval ]λ n , µ n [. Given n ∈ N, we have
Since the function f n+1 / f n is non-decreasing on I and the function f −1 n is increasing on f n (I ) =]λ n , µ n [ the function h n (as a composite of two non-decreasing functions), is non-decreasing on ]λ n , µ n [. So the function h n is effectively convex on ]λ n , µ n [. The rest of the proof consists of the following three steps:
Step: We are going to show that we have
In fact, we will see later that the interval ]λ n , µ n − 1[ is never empty. Let n ∈ N and y ∈]λ n , µ n − 1[ be fixed and set x := f −1 n (y). The convexity of h n on ]λ n , µ n [, proved above, implies that we have
By taking in this last inequality t = y and u = y + 1, we obtain
(from hypothesis (1) of the theorem)
The relation (4) now follows.
nd
Step: We are going to construct an increasing sequence (k n ) n∈N of non-negative integers such that the subsequence of (u n ) n with general term v n = u k n satisfies
We proceed by induction as follows:
Notice that the existence of such an integer k 0 is a hypothesis of the theorem.
• If, for some n ∈ N, an integer k n ∈ N is chosen such that u k n ∈]λ n , µ n − 1[, let
From the hypothesis lim sup n→+∞ u n = +∞, the subset X n of N is non-empty, it thus admits a smallest element which we call k n+1 . So, we have
We claim that the facts "k n+1 > k n " and "k n+1 − 1 ∈ X n " imply
Indeed, either k n+1 = k n + 1, in which case we have
(using (5) and since g is non-decreasing) ≤ h n (u k n + 1) − 1 (from (4)).
Hence, we have
and thus
Since the function h n takes its values in ]λ n+1 , µ n+1 [, the last inequality shows that u k n+1 ∈]λ n+1 , µ n+1 − 1[. This ensures that the induction process works and gives the required sequence (k n ) n . Notice also that the subsequence (v n ) n of (u n ) n , which we have just constructed, is increasing because we have v n+1 ≥ h n (v n ) > v n by (3) for any n ∈ N.
rd
Step: To conclude the proof, we will show the existence of a real A ∈ I , for which we have v n = [ f n (A)] for any n ∈ N. To do this, we introduce two real sequences (x n ) n and (y n ) n , with elements in I , which we define by
Since the functions f n are increasing, we have x n < y n for all n ∈ N. We claim that the sequence (x n ) n is non-decreasing and that the sequence (y n ) n is decreasing. Indeed, for any n ∈ N, we have
and
In these last relations, we have just used the facts that f −1 n+1 is increasing and h n (v n ) ≤ v n+1 < h n (v n + 1) − 1. The intervals [x n , y n ] (n ∈ N) are thus nested intervals of R. Consequently, their intersection is non-empty according to Cantor's intersection theorem. Pick A an arbitrary real number belonging to this intersection, i.e., x n ≤ A ≤ y n for all n ∈ N, in particular A ∈ I . In fact, A verifies even
because if A = y m for some m ∈ N, we will have, since the sequence (y n ) n decreases, A > y m+1 , contradicting the inequality A ≤ y m+1 . It follows from the growth of the functions f n that we have
Then, since v n is an integer for all n ∈ N, we conclude
This completes the proof.
Remarks. Mills' theorem [4] can be recovered by applying Theorem 1 for
and (u n ) n the sequence of prime numbers. In this application, we check relation (1) of Theorem 1 by simple calculus and we deduce relation (2) from Ingham's estimate quoted in the introduction. The remaining hypotheses of Theorem 1 are immediately verified.
Wright's theorem [6] can also be recovered, by applying Theorem 1 for I =]0, +∞[, n 0 = 0, ( f n ) n the sequence of functions which is defined on I by f 0 = Id I and f n+1 = 2 f n (n ∈ N), g(x) = (log 2)x (∀x ∈ R), and (u n ) n the sequence of prime numbers. In order to check relation (1) of Theorem 1, note that we have f n+1 / f n = (log 2) f n+1 for any n ∈ N.
Relation (2) is a consequence of the prime number theorem, but it can be obtained by using elementary arguments due to Chebyshev (see [3] ). The remaining hypothesis of Theorem 1 is immediately verified.
N.B.
In the above two applications of Theorem 1, the sequence of functions (h n ) n introduced in the proof is constant. Indeed, for the first application, we have h n (x) = x 3 (n ∈ N) and for the second one, we find h n (x) = 2 x (n ∈ N). As explained in the introduction, the possibility of taking (h n ) n not constant is the crucial point of our approach. In the following, we are going to give some applications of Theorem 1 in which the sequence (h n ) n is not constant. If we admit the following conjecture (which is weaker than Cramér's one [1] ), we obtain two new types of explicit sequences of prime numbers, which grow much more slowly than the ones of Mills and Wright.
Conjecture 2
There exists an absolute constant k > 1 such that
Under this conjecture, we obtain by applying Theorem 1, the following two corollaries. Proof . Let ξ > 1 be fixed, k > 1 an admissible constant as in Conjecture 2, and a > 1 a real number such that
Such an a exists because
We apply Theorem 1 for k+1 , if x > 1, and g(x) = 0, if x ≤ 1, and (u n ) n the sequence of prime numbers. Let us check the hypotheses of Theorem 1.
The functions f n are clearly increasing and differentiable on I . We have
We thus see that the functions f n+1 / f n (n ≥ 1) are non-decreasing on I . Further, if x is a fixed real in I , the sequence ( f n (x)) n≥1 is clearly increasing. Now, we have for any integer n ≥ 1 and for any real x ∈ I : (6) and (7))
Relation (1) 
We apply Theorem 1 for I =]1, 2[, n 0 ≥ 2 an integer (depending on k and ε) which we pick large enough such that
, and g(x) = 1, if x ≤ 1, and (u n ) n the sequence of prime numbers. In this situation, we can easily check that the hypotheses of Theorem 1 are all satisfied. We just note that relation (1) follows from (9), relation (2) follows from (8), and the last hypothesis of Theorem 1 concerning the sequence (u n ) n = ( p n ) n is a consequence of Bertrand's postulate. Corollary 4 follows from this application.
Apart from the context of the prime numbers, we have the following Some open problems related to the preceding study:
We ask (with or without Cramér's conjecture) the following questions: 
